(N 
O 
O 
(N 



Cohomology of split algebras and of trivial 

extensions* 

Claude Cibils, Eduardo Marcos, 
Marfa Julia Redondo and Andrea Solotar 



in 



in 

> 

(N 
O 

o 



X 



To Idun Reiten for her 60th bh'thday 
Abstract 

We consider associative algebras A over a field provided with a direct 
sum decomposition of a two-sided ideal Af and a sub-algebra A - examples 
are provided by trivial extensions or triangular type matrix algebras. In this 
relative and split setting we describe a long exact sequence computing the 
Hochschild cohomology of A. We study the connecting homomorphism using 
the cup-product and we infer several results, in particular the first Hochschild 
cohomology group of a trivial extension never vanishes. 
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1 Introduction 



In this paper we consider split algebras A — A(B Al where A is a subalgebra of A and M is 
a two-sided ideal. Our main purpose is to compute the Hochschild cohomology H*{A,A) 
using the cohomology theory of A and M. 

Our motivations are three-fold. First, decompositions providing split algebras arise in 
various examples. Note for instance that trivial extensions and triangular matrix algebras 
(see below) are split algebras, their cohomology has been investigated recently by several 
authors ||^, ^ Second it is known that degree one Hochschild cohomology provides 
insight to representation theory through universal covers, and its vanishing is related to 
the notion of simply connected algebras, [^^. D. Happel shows in [ p^ that a finite 
representation type algebra over an algebraically closed field of characteristic zero is simply 
connected if and only if the first Hochschild cohomology space of its Auslander algebra 
is zero. Moreover R. Buchweitz and S. Liu provided a proof of the same statement assuming 
only that the field is algebraically closed (Oberwolfach 2000). It has been suspected that 
for a finite dimensional algebra over an algebraically closed field, the vanishing of the 
first Hochschild cohomology space implies that its ordinary quiver has no oriented cycles. 
This was proved wrong and a family of counterexamples can be found in It is also 
conjectured that a tilted algebra is simply connected if and only if its first Hochschild 
cohomology space vanishes. This has been proved for tame tilted algebras, see |^]. In 
another direction, degree two cohomology concerns the deformation theory of algebras, 
see Q. Finally split algebras are interesting to study in relation to Happel's question [^: 
if the Hochschild cohomology vector spaces of a finite dimensional algebra vanish after 
some degree, is the algebra of finite homological dimension? The present paper is a first 
step for considering this question in a relative and split framework. 

We describe now the contents of each section of the article. 

In section ^ we obtain a long exact sequence involving H*{A,A). If M is a projective 
left or right A-module the other terms of this sequence are direct sums of vector spaces 
Ext^_^(M®^,X) forp + (7 = *orp-|-g = * + l depending on whether X = M or 
X = A. We study in detail the connecting homomorphism of this long exact sequence in 
order to obtain results on the dimensions of the Hochschild cohomology vector spaces of 
A. 

More precisely we obtain for any A-bimodule X a double complex whose total co- 
homology is the Hochschild cohomology of A with coefficients in X. The first quadrant 
spectral sequence involved converges, the terms at the first level are unknown but can 
probably be approximated through new spectral sequences. Nevertheless, if M is projec- 
tive as a left or right yl-module, we show that the cohomology of the p-th column C*'(X) 
is ExtA-A(Af®'**',X). 

In section ^ we do not assume that M is projective on one side. When A/ is a square 
zero ideal and the bimodule X verifies MX — XM = then the horizontal differentials 
of the double complex are 0. Consequently the Hochschild cohomology H*{A,X) is the 
direct sum of the cohomologies of the columns, namely 

H"{A,X) = H''{C''{X)). 

p+q—n 

Of course the A-bimodule A does not verify the above hypothesis. Nevertheless the 
bimodules on both sides of the sequence Q ^ M ^ A ^ A/M do, and we consider 
the corresponding long exact sequence in Hochschild cohomology. An interesting result 
we obtain is that the connecting homomorphism 

5 : H"{A,A/M) -> H"+\A,M) 
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is bigraded of bidegree (1,0), that is 5 = (Bp+q=nS^''' , where 

IVIoreover in section ^ we provide a precise description of S''''^ involving only two terms, 
using the cup product of a cocycle with the identity endomorphism of AI. This description 
enables us to determine whether 5^'' annihilates or not in some interesting cases. 

In section |^ we consider a special case of split algebras: trivial extensions TA. They 
are of the form A © DA where DA is the dual A-bimodule of A endowed with the zero 
multiplicative structure. We show that its first Hochschild cohomology is a direct sum of 
four vector spaces (see Theorem |5.£| ). One of the factors is the center of A, in particular 
H^{TA,TA) never vanishes. More generally we show that H"{A,A) ® Hn{A,A) is a 
direct summand of H"{TA,TA). This result is a consequence of the fact that for these 
algebras the component S"''' of the connecting homomorphism is zero. 

As a direct consequence of our computation s we show that {TA,TA) = fe ® 



H''{A,A) for a one-way algebra A, see Definition 5.10, This generalizes previous results 
obtained in jTs], |l|]. 

Finally we specialize to triangular matrix algebras and one-point extensions the results 
we have obtained for general split algebras. In this way we recover computations performed 



in 



2 Split algebras and the double complex 

Let fc be a field. As stated in the introduction a split algebra A is a fc-algebra with a 
subalgebra A and a two-sided ideal AI such that A — A(BM. In other words A consists of 
the following data: a fc-algebra A and a multiplicative A-bimodule AI with a product, i.e. 
an associative A-bimodule map AI^aAI — > M, m®m' m.m' . The algebra structure 
\n A(B AI is given by 

[a + m){a' + m!) = aa + am! + ma + m.m' . 

Let A" be a A-bimodule. As usual, the Hochschild cohomology vector spaces of A with 
coefficients in X are the cohomology groups of the following cochain complex, (see for 
instance ||, |[ 0, |l|]) 

-^X ^Homfc(A,X) ^ ^Homft(A®",A:) ^ •■■ 

where for ti > 1 

df {xr ® ■ ■ ■ ® x„+i) = xi/(a;2 ® . . . ® Xn+i) 

n 

+ '^{-ly f{xi (g) . . . (g) XiXi + l 8 . . . ® Xn+\) 
i = l 

+ {-lY''*'^ f{xi® . . . ® Xn)Xn+\ 

and for a; € A" and A £ A 

(da;) (A) = Aa; — a;A. 

Since K — A® M, we have a decomposition of A®" as a direct sum of vector spaces 
in terms of A and A4: let A/*"'' be the sub-vector space spanned by (p + g)-tensors 
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xi 1^ ... (Si Xp+q such that exactly p of the Xi's belong to M while the other Xi's belong 
to A. Clearly 

p+q— n 

Moreover the Hochschild complex above organizes in a double complex whose (p,q)— spot 
is Homfc(M^''', X). Indeed, the image of d restricted to Homfc(M'''^, X) is contained in 
Homfc(M''+^''',X)©Homfc(AF'''+\X). The horizontal and vertical components of d are 
denoted dh and d„ respectively. The cohomology of the total complex is H*{A.,X). 

PROPOSITION 2.1 The vertical diffentials d^ of the above double complex depend nei- 
ther on the product of M nor on the actions of M on X . 

Proof. Let / £ RomkiM^'" , X), in other words / : A»'^p+i^ ^ X vanishes on 
(p + g)-tensors which have not exactly p components of M and q components of A. 
We evaluate d„/ on a tensor (xi (g) . . .^Xp+g+i) £ Af''^^. We shall see that the terms 
where the product of AI or the action of M on X appear are zero. U xi £ M then 
x\f{x2 ® . . . ® Xp+q+i) = since {x2 ® . . . (8 Xp+q+i) ^ Af'', regardless the action of 
M on X. Similarly f{x\ ® . . .® XiXi+i ® . . . (g) Xp+q+i) = if a^i and Xi+i belong to M 
since the tensor belongs to "^'"'^^ regardless the value of XiXi+i. The behaviour of 
the last term of the coboundary formula is analogous to the first one. □ 

In order to determine the vertical cohomology, we first note that the cohomology of 
the 0-th column is the Hochschild cohomology H*{A,X) — Ext\_j^{A,X), where X 
is considered as an A-bimodule by restriction of scalars. From now on we simplify the 
notations omitting the tensor product sign for tensor products over the ground field k; 
tensor signs between vectors are replaced by commas. 

The following result is announced in but the proof provided there is incomplete. 

THEOREM 2.2 The cohomology of the column p = 1 is Ext^.^lAf, X). 

Proof. We will first provide a free resolution of M as an A-bimodule. Consider the 
bar resolution of M as a left A-module (see 8.6.12]), 

> AAM AM 

and the Hochschild resolution of A as an yl-bimodule 

> AAA AA^O. 

Tensoring them over A provides the complex 

> AMAA ® AAM A -> AM A ~* 0. 

The cycles in each degree of the Hochschild resolution are projective left yl-modules 
since the resolution splits as a sequence of left A-modules. The Kiinneth formula 
ensures that the last complex has zero homology in positive degrees and M ® a A = M 
in degree zero. Next we apply the functor HomA-A(— , X) and we use the identification 
HomA-A(^^^, X) = Homfc(Z, X) in order to verify that the coboundaries provide the 
first column of the double complex. □ 
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Remark 2.3 A direct computation sliows that HomA-A(M®'*'', X) is tlie zero degree 
cotiomology of ttie p-tti column. In order to generalize this result to the other vertical 
cohomology groups for p > 2 we need to assume additional hypothesis on M as follows. 



THEOREM 2.4 Let A be a k-algebra, M be an A-bimodule which is right or left pro- 
jective and X be an A (B M-bimodule. The cohomology of the p-th column in degree q 

/sExt^_^(M®'iP,X). 

The proof of the above theorem is given at the end of this section, as a consequence 
of the next result: 

PROPOSITION 2.5 Let C, B and A be k-algebras, cNb be a C - B-bimodule and 
bMa be a B— A-bimodule. The homology of the following complex is equal to Torf (A'^, M) 

^ CCNMA ® CNBMA CNMAA CNMA — > 0, 

where the term in degree n is a free C — A-bimodule of the form CZA and 

Z ^ C''NB'MA\ 

Note that the boundary formula is provided by the standard resolution of an algebra 
as a bimodule: 

b'{c,Xi, . . . ,x„,a) = (cxi, . . . ,Xn,a) 

n-l 



, 3:^1, . . . ^ XiXi^l ^ . . . , Xji^ dj 



1=1 



+ (-l)"(c, xi, . . . , a;„a). 

By assumption products of type nm are zero when n £ N and m G M; the bimodule 
action gives products in case of elements of the form bm, nb, cn, etc. Each summand of 
the formula must have an element of C and an element of A on each side, otherwise its 
value is 0. 



Remark 2.6 Before proving Proposition 2.1 we note that for a C — A-bimodule X, the 
functorHomc-A{—, X) applied to the above complex provides the second column C^(X) 
in case A = B — C and N — M, since by virtue of Proposition we can assume that 
the product of M and the actions of M on X are trivial. 



Proof. (Proposition 2.5) Wc consider the bar resolution of M as a left B-module 

> BBM — > BM — > 

and we apply the functor TV ®b — 

> N ®B BBM — > N ®B BM — > 0, 

obtaining in this way the standard complex which is used to compute Torf (A'', M) 

> NBM — > NM — > 0. (1) 
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Next we use the Hochschild resolution of C as a C-bimodule 

> CCC — >CC — >Q. 

Its homology is non-zero only in degree zero, with value C. Tensoring the above 
resolution with (0) over C gives 

■> CNBM © CCNM — > CNM — > 0. 

We assert that the homology of this complex is still Torf (TV, M). Indeed we can use 
again the Kiinneth formula since the set of cycles of the bar resolution of C (which 
splits as a sequence of right C-modules) is a projective right module, and the homology 
is zero except in degree zero with value C . Hence the homology of the above complex 
is the tensor product of the homologies, that is C ®c Torf (A^, M) = Torf (A^, M). 

Finally we consider the Hochschild resolution of A and we tensor it over A with the 
above complex. As before, the resulting homology is Torf (TV, M)®aA = Torf (TV, M). 
A non difficult computation shows that the resulting boundaries coincide with those 
described in the statement. □ 



PROPOSITION 2.7 LetA,B,C,D be k-algebras and dUc , cNb, bMa be bimodules. 
Assume Torf (TV, M) = in positive degrees. Then Torf (17, TV M) is the homology 
of the following complex: 

> DDUNMA © DUCNMA © DUN BMA © DUNMAA — > DUNMA — > 

with n-th term DZA where 

Z= D^U&NB^MA\ 

Proof. By hypothesis the complex of the preceding proposition has homology only 
in degree zero, with value TV ®b M. Since the modules are C-free on the left, this 
complex is a resolution of the left C-module TV ®s M. Applying the functor U ®c — 
provides a complex whose homology is TorJ'(l7, TV ®s M). 

We consider as in the previous proposition a resolution of the algebra D as a D- 
bimodule. The Kiinneth formula shows that tensoring this resolution over D with the 
complex obtained above provides a new complex whose homology is TorJ'()7, TV (g)_B 
M). □ 



Remark 2.8 lfTor^'{U, TV (E)b M) is zero in positive degrees, the complex of Proposition 
|2. /f becomes a projective resolution of the D — A-bimodule U ®c TV ®b TV/. Applying the 
functor liomD-A{— ,D Xa) to this projective resolution gives a cochain complex whose 

homology is Exto_^(f/ (g)c TV ® s TW, X) . 



Proof. (Theorem 2.4) Since M is right or left proj ective, then Tor^(TVf, TVf) is zero in 
positive degrees 



2.5, 



in the case TV = M, A = B = C, 
M. We have already noticed that 



The complex of Proposition 
is a projective resolution of the A-bimodule M 
applying the functor }iomA-Ai—,X) to this resolution yields precisely the second 
column of the double complex and, consequently, its cohomology is Ext^_^(TVf (g)A 
M,X). 

The same procedure applies to Proposition 2.7, and we obtain that the third col- 



umn has cohomology Ext^ 
obvious. 



By induction the end of the proof is now 

□ 



6 



3 The connecting homomorphism 



We return to the double complex which we use to compute the Hochschild cohomology of 
an arbitrary split algebra A. = A® M with coefficients in a A-bimodule X. The filtration 
of the total complex arising from the columns provides a first quadrant spectral sequence, 
hence converging to H*{A.,X) (see for instance [ p^ p^). In the preceding section we 
have computed the first level vector spaces E^'* , assuming M is A-projective on one 
side. However the differential at the first level appears hard to compute even with these 
hypothesis on M . 

We focus on a special case of interest for specific computations that we will perform 
in the next section. 

THEOREM 3.1 Let A be a k-algebra, M be an A-bimodule, A = A ® M be the corre- 
sponding split algebra with = 0, and let X be a A-bimodule verifying MX = XM = 
(in other words X is an A-bimodule with actions trivially extended to A). Then the hori- 
zontal coboundaries of the double complex are zero. As a consequence 

H"{A,X)^ H'iCiX)), 

p+q — n 

where C^{X) denotes the p-th column. 

Proof Let : Af'' X be a cochain, in other words ip : A®'^^''' ^ X is a cochain 
that vanishes on each component M"'-"' / M^'" of A®(p+i). 
By definition dhp — dp |a/p+i.<! therefore 

dhf{xi, . . . ,Xp + q+l) = Xl(p{X2, ■ ■ ■ ,Xp + q+l) 
P+Q 

+ ^(-l)V(2;i, ■ ■ ■,XiXi+l, . . .,Xp+q + l) 

i = l 

+ (-1)'' + ''+ V(a:i, • ■ • , Xp+q)Xp+q + l. 

The first term is zero, indeed if xi £ M we have AIX = 0, while if xi G A then 
{x2, • • ■ , Xp+q+i) £ M''"*'^'''"^ and if is zero when evaluated on it. The last term is zero 
for the same reasons. Each middle term vanishes since either both Xi and Xi+i belong 
to M (hence XiXi+i =0) or {xi,. .. ,XiXi+i,. . . ,Xp+q+i) G M''^^'''~^. □ 

The above decomposition and the results of the previous section yield the following: 

COROLLARY 3.2 Let A be a k-algebra and M be an A-bimodule projective on one 
side. Let A be the split algebra A® M with M'^ = 0, and let X be a A-bimodule such 
that MX = XM = 0. Then 

H"iA,X)= E^tl_JM^^^,X), 

p+q—n 

where M®^" = A. 

We now consider for a split algebra A — A (B AI the following exact sequence of 
A-bimodules 

— > M — > A ^ A/M = A — > 0. 
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Note that M is a A-bimodule since M is a two-sided ideal of A. Of course A./M is in fact 
A considered as a A-bimodule with zero actions of M on both sides. This exact sequence 
of coefficients provides a long exact sequence in Hochschild cohomology 



0-> H°{A,M) H°{A,A)'^ H°{A,A)^ 
(A, M) -^H^ (A, A)^H^ (A, A) ^ 

H"{A,M) ^ //"(A,A) ^ H"(A,.4) ^ 

Our next purpose is to describe the connecting homomorphism 5" in order to combine 
this information with knowledge on H*{A, A) and H*{A, M). This will provide information 
on _ff*(A, A) which is our main purpose. We begin by studying 5^. 

PROPOSITION 3.3 Let A be a k-algebra, M be an A-bimodule and let A = A® M be 

the corresponding split algebra. The above connecting homomorphism 5" vanishes if and 
only if the center A^ of A has symmetric action on M (i.e. am = ma for every a G A^ 
and m £ AI). 

Proof. The center A* of A = M is as follows: 

A'^ = [A-^ n A*'] ® [m"' n M-*], 

where A^ are the elements of A acting symmetrically on M, while is the cen- 
ter of the multiplicative bimodule M and M'* = H'^{A,M) = {m £ M \ am = 
ma for every a € A}. 

In the long exact sequence above 

0^M''^A''^A'' = A-^^ (A, M) ^ . . . 

we have Im7r° = A^ n Hence Ker^" = A"^ f] A^" so 5° = if and only if 

PI j^M ^ ^jjj^jj jg equivalent to A^ C A'^^ . □ 



Example 3.4 Let f be an automorphism of A and let M — ^A be the A-bimodule A with 
left action twisted by f. Then 5" — if and only if f is the identity on central elements 
of A. Indeed, let Fix/ be the subalgebra of elements fixed by f. For M — ^A we have 

A"' = A'^n Fix/. 



Example 3.5 In case A is the trivial extension TA of A we have A4 = DA and the center 
of A acts symmetrically on M. Consequently 5" — 0. 

We next prove that each connecting homomorphism has bidegree (1,0). 

PROPOSITION 3.6 Let A ^ A® M be a split algebra with = 0. The connecting 
homomorphism 

S" : H'\A, A/A'/) ^ H"+\A, M) 



has bidegree (1,0) with respect to the decomposition provided in Theorem 3.1 
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Proof. Wc denote by H''(C^{X)) the cohomology of the p-th column in degree g, 
where X is a A-bimodule. Since we proved that the horizontal differentials are zero 
when MX = XM = 0, we have for such an X 

H-{K,X)= H'^iC^iX)). 

p+q=n 

Both M and A/M verify the above assumption on X. Then 

S" : H«(C^(A/M)) ^ ( H''{C''+\M))] (BH"+\c\M)). 

p+q=n \p+q=n J 

We assert that the image of 5" |/f<i(cp(A/M)) is contained in i?^(C^"'"^(M)), hence 
^" = ep+,=„5^'^where 

In order to prove the assertion let ifi : M^'' — > A be a cocycle of the Hochschild complex 
of A/M. We use the given inclusion A/M C A = A ® M to obtain Ip : M^''' A, 
taking into account that A inside A has a non trivial action of M on it. The image of 
the coboundary of 7p in the Hochschild complex of A is contained in M and provides a 
well defined element in H^'^'''^^ {A, M) by general arguments. Considering the double 
complex for A, wo have two components dip — dvp + dh'<fi- In fact 5<p = dip. Now 
we will prove that dip has zero values on every component of A^"~^^ except maybe on 
jjj order to prove that dy'ip = 0, let {xi, . . . , Xp+q+i ) € M^'''+\ then 

dvlp{xi, . . . ,Xp+g+i) = xilfixz,. ■ ■ ,Xp+q+i) 

p+q 

+ ^(-1) ■ ■ • , XiXi+l, Xp+q+l) 

i=l 

+ i-iT'^'''^^^iXl,...,Xp + g)Xp+g + l. 

We observe that the middle terms remain unchanged for ip or ^, namely 

p+q p+q 

• • .,XiXi + l, . . .,Xp+q+l) = ^(-l)V(a;i, • • ■,X^X^+l, . . ., Xp+q+l). 
i=l i=l 

Concerning the first and the last terms wo first assume that both xi and Xp+q+i 
belong to A, then all the terms of the sum are in A and coincide with the terms of 
dvip. Since ip : M^'^ — > ^ is a cocycle, we obtain that the value of the above expression 
is zero. 

If a;i € M and Xp+q+i G A then (a;2, . . . , a;p+q+i) G M''"^'^"'"^, hence (p is zero 
on it. The last term remains in A, and all the terms of dvp evaluated on the tensor 
{xi, . . . , Xp+q+l) coincide with the terms of dyip (the first one vanishes in both cEises). 
Since is a cocycle, we infer that dv'ip{xi, . . . ,Xp+q+i) = also in this case. The 
remaining cases Xi, Xp+q+i € M, or xi € A, Xp+q+i € M can be studied in an 
analogous way. 

We conclude that Sip = dh'^ € Hom(M^+i'« , M) . □ 
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4 Operations 



We introduce operations in the double complex HomA-A(M*'*, X) of the previous sections 
in order to describe the (p, 5)-component 5"^'" of the connecting homomorphism 

Recall that the following is an operation on Hochschild cohomology of bimodules over a 
fc-algebra A (see g Q). Let X and Y be A-bimodules, / : A®" ^ X and 5 : A®™ ^ Y 
be Hochschild cochains. The cup product (see Q) f g \s defined as the composition 

^®n + ™ ^ ^ X ® y ^ X ® A K 

One has d{f ^ g) = df -—^ g -\- ( — 1)",/ - , so the product is well defined in 
cohomology: 

H"{A,X)®H'^{A,Y) ->ff"+'"(A,X®A y). 

In case A = A © M is a split algebra this operation goes clearly through the double 
complex, that is, if / : M^'' X and g : h'P '" ^Y are cochains, then 

f ^ g: M"'" ® M"''"' ^ X ®A y 

is the product cochain. Note that KP'" ® is naturally a direct summand of 

MP+p '1+1 ^ the value of / ^ g on the complement is zero. 

THEOREM 4.1 Let A = AQi M be a split algebra with = 0, and let 

^ M ^ A ^ A/A/ ^ 

be the corresponding short exact sequence. The {p, q) -component 5^'" of the connecting 
homomorphism 5 in the long exact Hochschild cohomology sequence of A is given by 

j^'V = im-^ + (-ir+'+v-iM. 

Remark 4.2 In the statement of this theorem, : AP'" — » A/Af is an arbitrary cocycle 
and 1m : M M is the identity morphism which is indeed a 1-cocycle; it belongs to the 
(1, 0)-spot of the double complex and corresponds to the projection A(B M ^ M in the 
usual Hochschild complex of M . Note that if M 7^ this projection is a non-zero element 

in H^{A,M). 

Note also that we have A/M ®aM = A/M ®aM = A®aM = M as well as 
M (8)A A/M = M. 

Proof. We lift the cocycle (p to Tp : M"^'" — > A as in the previous section. Since 
S^'iip = dhJp, we consider {xi, . . . ,3:^4.5+1) G M'''^^'". In the coboundary formula the 
middle terms are all zero. If xt and XiJ^i belong to M then XiXiJ^\ = since A/2 = 0. 
Otherwise Xi or Xi+i, or both of them lie in A, hence {x\, . . . ,XiXiJ^i, . . . ,Xpj^q+\) 
belongs to Aff+i-""^ and ip is zero evaluated on this tensor. We have proved that 

5P'''ip{Xl, . . . ,Xp + q + -i) = Xlip{X2, ■ ■ . ,Xp + q + l) 

+ {-lY"^''^^ip{Xl,...,Xp + q)Xp + q + l, 

which corresponds to the formula involving the cup product with the identity endo- 
morphism of A/. □ 
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Example 4.3 We describe the connecting homomorphism component 

5^'° : HomA-A(M®-*'', A) ^ HomA-A(M®'*f+\ M). 
Let LP e HomA-A(M®-**',^) be a cocycle, then 

{5^'°tf,){mi, . . . ,mp+i) = mi(f{m2, . . . ,mp+i) + (-1)''"'' V("ii, • • • , mp)mp+i. 
For p — we have 

S°-° : RomA-A{A,A) }lomA-A{M,M). 

Recall that A® aM and M® a A are identified with M . Then S°''^ip(m,) ^ mip{l)~(p{l)m. 
Since the center A^ is identified with UoinA^AiA, A), then KerS°'° = A^nA", in other 
words the kernel ofS'^ is the set of central elements of A which act symmetrically on M, 
as in Proposition Note also that 5° = 5"'°. 

5 Trivial extensions 

DEFINITION 5.1 The trivial extension TA of an algebra A is the split algebra obtained by 
using the A-bimodule DA = Homfc(A, fc) endowed with the zero multiplicative structure. 

We recall that for trivial extensions the conn ecting homomorphism 5" of the long exact 



cohomology sequence is zero, see Example 3.5. Our next purpose is to compute the first 



Hochschild cohomology vector space of a trivial extension. For this we study the first 
connecting homomorphism 5^. Since 5" — the long exact cohomology sequence for TA 
gives the following exact sequence 



0-^ H\TA,DA) ~+ H\TA,TA) H^{TA,A) 
H'\TA,DA) H'^{TA,TA) H'\TA,A) 



Using Theorem 3.1 for X = TA/DA = A or X = DA we have 



H"{TA,X)= H''{C''(X)). 

p+g— n 

Moreover 5" = (Sp+q=n5^''' where 

gP,i . H''{C''{A)) — > H" (DA)) 

Remark 5.2 The following facts hold without any projectivity hypothesis on the A- 
bimodule DA 

1. H*{C''(X)) = H*{A,X), 

2. H*{C\X)) ^ Ext a-a{D A, X) (cf Theorem^^, 

3. H"{a'{X)) ^RomA-AiDA'^^P,X) (cf Remark 
Using them we get that for n = 1 



5^: }iomA-^A{DA,A) S) H\A,A) 



}iomA-AiDA(»ADA,DA) Ext\_A{DA, DA) © H^{A,DA) 
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ip : A ^ A is a usual derivation of the algebra A. We know that S'^'^tp — Ida 



PROPOSITION 5.3 The connecting morphisms <5"'^ and S^'° verify: 
i) S"'' = 

a) Under appropriate identifications S^'^'^tp = tp + (p* 

Remark 5.4 The first item of this proposition will be generalized in Proposition | 
Proof. 

i) Let iphe a, vertical cocycle at the (0, l)-spot of the double complex of A, namely 
ip : A ^ A is a, usual derivation of 
ip + If --^ Ida (see Theorem ^ ) 

(5"'V: {DA)A ® A{DA) — > DA 

(/,«) + ib,g) ^ f<p{a) + ifi{b)g. 

We assert that S'^'^ip is actually a vertical coboundary in the double complex of 
DA, namely S^'^tp = dv^p* ■ Indeed 

(/,a) = -'P*{fa) + 'p''{f)a. 

For every x £ A we have 

-(¥^*(/a))(x) + (^*(/)a)(x) = 

~{fa){f{x)) + v*{f){ax) 

-f{aip{x)) + f{f>{ax)) 

f{-atp{x) + fiax)) = f{(p{a)x). 

The last equality holds since <^ is a derivation. Finally we obtain 

{dvf*) if, a) = f(p{a). 

Similarly we prove that (dvip*) {b,g) equals ip{b)g. 

a) Let (p £ }iomA~A{DA, A) or by adjointness let /3 : DA DA — > fc be 

a bilinear form, given by f3{f,g) ~ g{(p{f)). We know that S^'^ip = Ida ^ 
ip + ip Ida, more precisely {S^'''^){f, g) ~ + vU)g- Now each tp € 

Hom,4-A(-Dy4 ®A DA, DA) is also identified with a bilinear form /3 : DA ®a-a 
DA k, namely l3(f,g) = <?)(!)• Through this identification, we have that 
<5i'"/3 = l3 + (5\ where /?*(/, g) = (5(g, /). Indeed 

iS''\)if,g){l) = (Mg)) (1) + Mf)g) (1) = f{^{g)) + g{^{f)). 

□ 

We consider the set of skew-symmetric bilinear forms (3 over DA such that P{fa, g) — 
j3[f, ag) and we denote this set K\tA{DA). In the proof of the next Theorem we will show 
that Alt A [DA) — Ker^^'". This vector space coincides with £{DA) as considered by M. 
Saorin in [IM. 

We use a star symbol in order to denote the dual of a vector space, while the notation 
D is kept for the dual of a vector space endowed with a bimodule structure. 

THEOREM 5.5 Let TA be the trivial extension of a finite-dimensional algebra A. Then 

H\TA,TA) = A^ ® Hi{A,Ay ffi H\A,A) ffi A\tA{DA). 
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Before proving this result we note that since the center of a fc-algebra is not zero we 
get the following result. 

COROLLARY 5.6 Let TA be the trivial extension of a finite-dimensional algebra A. 
Then the first Hochschild cohomology group ofTA do not vanish. 

Proof. Theorem From the long exact sequence and the description of S^, we have 

H\TA,TA) = H^{TA,DA)®Ker5\ 
We have that KevS^ = H^{A,A) ® Ker5^'° and 

Ker(5^'" = G RomA-A{DA, A) | ^ + = 0} . 
Using adjointness we have 

UomA^AiDA, A) = {DA (Sa-a DA)* . 
So we have proved the following 

KerS^'° = Alt a{D A). 

From Remark 



5.2 



H^{TA,DA) = }iomA~A{DA,DA) Ext\_A{A, DA). 

Actually 

UomA-A{DA,DA) = HomA-A(^,^) = A^. 

Finally 

H\A,DA) = Hi{A,A)* 

since for a finite dimensional algebra A and a finite dimensional A-bimodule A'^ the 
following fact holds: Hn{A, N)* = H"{A,DN) (see for instance |||). Note also that 
N and DDN are bimodules which are canonically isomorphic by the evaluation map. 
□ 



THEOREM 5.7 Let A be an arbitrary algebra (not necessarily finite-dimensional). Then 

H\TA,TA) = A"^ e H^{A,TA) AltA{DA). 

Proof. In the proof of the above theorem note that H^{A,A) H^{A,DA) = 
H^{A,TA). □ 



THEOREM 5.8 Let A be a finite dimensional k-algebra. Then the vector space H"{ A, A)® 
Hn{A,A) is a direct summand of H"{TA,TA). 

In order to prove this theorem, we provide the following result generalizing Proposition 
IJ. Recall that S^-" : H'^{A,A) Ext^_^(_Dyl, DA) is a component of the connecting 
homomorphism 5« : H'^{TA,A) H'^+\TA,DA). 

PROPOSITION 5.9 We have S^'" = for all q>l. 
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Proof. Let (f> G Hom(^®', A) be a Hochschild cocycle at the (0, 5)-spot of the double 
complex. Next we provide 0' £ Hom((DA)^'''~\ DA) such that d^ff)' = S°''^(j>, by the 
following formula 

<^'(ai, . . .,a„,f,bi, . . .,bm){x) = e{n,q)f (^(bi, . . . ,bm,x,ai, . . . ,a„)) 

where n + m + 1 — q and 

-1 if n is odd 



, , / -1 if n 

<n,q) = ^ (-1)^+1 ifn 



Observe that S°'''{(t>) e Hom((DA)i'«-\ _DA) and 5'^'«(<;/>) = 1 + 1. 
So the following three cases arise: 

(5°-«0)(/,6i,...,b,)(x) = /(,^(6i,...,fo,)a;) 

iS°'^){ai,...,a„f,b,,...,b,)ix)^0 for J / O, i + j = g 

(5O-''0)(ai, . . . , a„ f){x) = (a;<^(ai, • • ■ , a,)) . 

The verification that dv(j>' = (5''''<?f> is left to the reader. □ 



Proof. (Theorem p.q ) By the previous result H''{A,A) is contained in the image of 
the morphism H'' {TA,TA) H''{TA,A). Concerning the homology factor no te, a s we 
remarked before, that H''{C°{DA)) = H''{A,DA). We know from Proposition that 

H''{A,DA)nlinS''-^ = therefore Hg{A,A) = H''{A,DA) C H''{TA,TA). □ 

We generalize now a result obtained in In (lit it is shown that for a triangular 

schurian algebra A we have H^{TA,TA) = ke H'^{A,A). Actually the same equality 
holds for triangular algebras, or for 2-nilpotent algebras whose quiver do not contain ori- 
ented cycles of length < 2, see jl6|]. 

Our next purpose is to use our previous computations on of a trivial extension 
in order to show that this result holds for one-way algebras, a family of algebras that we 
define below and which include the algebras considered above. Note that the proof in [ p^ 
of the above equality under the mentioned hypothesis also works for one-way algebras. 

DEFINITION 5.10 A one-way algebra is a finite dimensional algebra endowed with a 
complete set S of orthogonal idempotents such that 

1. Fore^ f in S, ifeAf / then fAe = 0. 

2. For all e £ S, we have dimk(ey4e) — 1. 

3. S has more than one element (\e. A is not k) and A is an indecomposable algebra 
(\e. the graph with set of vertices S and an edge between e and f in case eAf or 
fAe is not zero is a connected graph ). 



THEOREM 5.11 Let A be a finite dimensional one-way algebra, and let TA be its trivial 
extension. Then 

H^{TA,TA) = k ® H^{A,A) . 



In order to prove this formula we use Theorem 5.5, and two results as follows 
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LEMMA 5.12 Let A be a one-way algebra. Then 

RomA-A{DA,A) = 0. 

Proof. Take <p € }lomA-AiDA,A) and e, f € S distinct. Since (p{D{eAf)) C fAe, 
the form (f has to vanish on D{eAf). Now ip{D{eAe)) C eAe so Imip C (BeeseAe. But 
since the algebra is indecomposable and different from k there exist / 7^ e such that 
eAf 7^ 0. Hence there is no non-zero two-sided ideal contained in the vector space 

®eeseAe. □ 



LEMMA 5.13 Let A be a one-way algebra for a system S of idempotents. ThenHi{A,A) = 
0. 

Proof. Let E = Xeeske be the subalgebra of A generated by S. Note that AiS>e A 
is a projective A-bimodule since 

A^E A = ^Ae(g)eA 

egS 

and each summand is a projective A-bimodulo using the fact that 

A(E)A= Ae^fA. 
ejeS 

Note also that the decomposition 

A(g)E A(giE A = Af (g) fAe(E)eA 
e,fes 

shows that this bimodule is projective as an ^-bimodule. 

Consider now the projective resolution of A as an A-bimodule 

...->-AiSieAiS:eA-*AiS:eA^A^O 

where the boundary formula is provided by the standard Hochschild resolution of A as 
an A-bimodule. The homotopy contraction showing the exactness is defined as usual, 
by inserting 1 at the beginning of each tensor. 

Applying the functor — (g)Ae A one gets, after decomposing in terms of the orthog- 
onal idempotents 

...-y eAf (g) fAg ® gAe eAf (g, fAe ^ eAe ^ 0. 

eJ,geS eJeS eeS 

But 0^ ^.gg eAf (g) fAe = 0^gc; eAe ® eAe, since eAf / implies fAe = if 
f =^ e. Also, if e is any primitive idempotent, eAe is isomorphic to fc. The boundary 
map, using this isomorphism, is null on ©^gg eAe ® eAe. 

As before, the following term 0^ ^ eAf ig) f Ag ® gAe of the complex may be 
written as: 




15 



eAe (g) eAf (g) fAe © eAf ® fAg ® gAe . 

The second and third summands are zero, and the restriction of the boundary map 
to the first one, composed with the isomorphism eAe = fc is the identity. So, already 
restricted to this first summand, the boundary map is surjective. Then Hi{A,A) = 0. 
□ 



5.5 



Proof. (Theorem 5.11) We recall the decomposition of Theorem 

H\TA,TA) = A^ e Hi{A,A)* ffi H\A,A) ffi AltA{DA). 



The hypothesis on A implies that the center A'^ of A is the field k. From Lemma 5.1^ we 
get AltA{DA) = 0, since A\tA{DA) C }iomA-A{DA,A). The previous theorem shows 
that Hi{A,A) ^0. □ 

The aim of the last part of this section is to show that the connecting homomorphisms 
of the long exact sequence on Hochschild cohomology are not all zero in general. 

We consider split algebras with M = A and = 0. These algebras are isomorphic 
to ^[a:]/ < x'^ >~ A ® k[e], where k[e] — k[x]/ < > is the algebra of dual numbers. 
We denote them by A[e]. Recall that an algebra A is symmetric if A is isomorphic to 
DA as an ^-bimodule. In this case the trivial extension TA of A coincides with the split 
algebra A[e]. 

It is well known (see for instance [|l^, Prop. 9.4.1]) that \f A and B are fc-algebras 
(one of them finite dimensional) we have 

H"{Ag)B,A(S)B)= H''{A,A)(SH''{B,B). 

p + q— n 

It is also well known that if k is of characteristic different from 2 then 

dim,ff*(fcH,fcW) = { I ;[;;° 

If char k = 2 then dimk JY"(fe[e], fc[e]) = 2 for all n. For a fc-algebra A we infer that in 
characteristic different from 2 

H"{A[e],A[e]) = H"{A) (B H\A) 
while in characteristic 2 

n 

H"{A[e],A[e]) = ^(^W{A)®W{A) 

j=0 

Let A = ^ © M be a split algebra with = 0. Assume that all the connecting 
homomorphisms are zero. Then 

H"{A,A) = ( H'iC^iM))] © ( H^C^iA)) 

\p+q—n I \p+g=?i 
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In case M is projective on one side and all connecting homomorphisms are zero, we get 

J/"(A,A) = ( Ext^_^(M®^^M) J © ( Ext^_^(M®^^^) J . 

\p+g— n / \p+g— n / 

In case M = A, and still assuming that all connecting homomorphisms are zero, we get 

n 

H-{A[elA[e])=@[W{A)®H\A)) 

which holds only in characteristic two. Hence the connecting homomorphisms are not zero 
in general. 

Remark 5.14 For trivial extensions one can describe the component 

6"'° : }iomA-A{DA^^'',A) nomA-A{DA'^^''+\DA) 

of the connecting homomorphism as follows, generalizing the second item of Proposition 
The cyclic group of order p+ 1 acts on Rom a- a^DA'^'^''^^ , DA) via 

itip){fi ® ■ ■ ■ ® /p+i) = v3(/2 8) ■ ■ ■ fp+i ® /i). 

Identifying by adjunction the source with the target of 6'''° we obtain 

6 Triangular matrix algebras and one-point extensions 

Recall that a triangular matrix algebra ^ ) consists of two algebras A and B 

and a B — A bimodule A/, the product is obtained by matrix multiplication. Note that in 
case B is the ground field k such algebras are called one-point extensions of A. Our next 
purpose is to specialize to these algebras the results we have obtained for split algebras in 
order to recover results of C. Cibils, S. Michelena and M.I. Platzeck in and by D. 

Happel for one-point extensions see also ||^, ^. 

Remark 6.1 Triangular matrix algebras are split algebras with zero bimodule product. 
Indeed consider the algebra A x B and the trivially extended A x B-bimodule M with 
structure given by (a, h)m — bm and m(a, b) = ma. The split algebra {A x B) ® M 



with M — is exactly the algebra 



A 
M B 



Let ~ y ^ B J °' '•'''^'^S'^'^'' 'T^sti'i^ algebra. Consider the exact sequence of 
T-bimodules 

O^M^T^AxB^O 
and the corresponding long exact sequence in Hochschild cohomology 
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H°{T,M) H°{T,T) H'\T,AxB) 

H\T,M) 

H""'\T,Ax B) 

H''{T,M) H"{T,T) H"{T,AxB) 

H''+^{T,M) -> 



We will use a suitable version of Corollary 3.2 in order to describe H"{T,M) and 
H"{T,A X B). The following fact will enable us to perform a Tor computation for 
recovering Cibils and Michelena-Platzec Theorem. 

LEMMA 6.2 IfM is projective as a left B-module, tlie trivially extended A x B-bimodule 
M is a projective left A x B-module. 

Proof. Note that B is projective as a left A x B-module, consequently the same holds 
for a direct summand of a free B-module. □ 

The next result simplifies considerably this description. 

LEMMA 6.3 Let M be a B ~ A-bimodule trivially extended to an A x B-bimodule. 
Then for p > 2 we have 

Proof. For m £ M and ti G Af we have 

m®n — m(l,0)®n — m®(l,0)n — m®0 = 0. 

□ 

THEOREM 6.4 (see ^ ^) Let A and B be k-algebras, M be a B - A-bimodule and 
letT — ( p ) = (A X i?) i\/ be the triangular matrix algebra or equivalently 



M B 

the corresponding split algebra. Then there is a long exact sequence in Hochschild 
cohomology 

0^ -> H^{T,T) H°{A,A)®H°{B,B) 

RomB-A{M,M) ■■■ 

H"-^{A,A)®H"-\B,B) ^"^'^ 

F,xtlz\{M,M) H"{T,T) H"{A,A)®H"{B,B) 

ExtS_A(M,M) ■■■ 



Proof. Theorem 3.1 provides the following decompositions 

H"{T,AxB)= H''(C''(Ax B)) 



p+q — n 



H"+\T,M) = H"+\Ax B,M) ® H^C+^M)) 

p+q — n-\-l 



and Proposition 3.6 shows that the connecting homomorphism S'^ is bigraded of bide- 



gree(l,0), thatis, 5" = 0^^_^^^ 5^ 
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In Section ^ we have proved that the cohomology in degree q of the column C''{X) 



for a T-bimodule X is ^^'t'lAxB)-(AxB) (^M^iaxb) whenever the A x B bimodule 
M is projective on one side. It is clear from the proofs of Section ^ that this condi- 
tion can be relaxed, namely it is enough to require the vanishing of the Tor vector 
spaces between tensor powers of the bimodule and the bimodule itself - we thank 
Manuel Saorin for stressing this fact. In our situation the Lemma above shows that 
Tor'AxB (^M®(''*xB),M^ = for p > 2. In order to show that Tor\yB {M,M) = 0, 
consider a projective resolution of AI as a left B-module and extend the action to AxB 



letting A act by zero. As in Lemma 6.3 tensoring the above projective resolution by 
Af over AxB provides a zero complex. 

These consideration show that that the cohomology of the columns can be replaced 
by Ext vector spaces between tensor powers of M. Much of them vanish using again 
the Lemma above, finally we obtain the following for the connecting homomorphism: 

H'^+^A X B,M) 

® 

H"{AxB,AxB) Ext^^^s)-(Axs)(^,M) 

® ® 

E^t^AxS)-(AxS)(^.^X5) 

In fact 

^^i(XxB)-(AxB)(M,Ax B) = and 
H"+\A xB,M) = 0. 

In order to prove this last assertion, let e = (1, 0) and / = (0, 1) be the idempotents of 
the algebra AxB. Note that an Ax _B-bimodule Y is the direct sum of four bimodules 
which can be presented at the vertices of a square: 

eYf fVf 
eYe fYe. 

For instance eYf is an A — _B-bimodule and eYe is an j4-bimodule. We have that 
^^ilAxB)-(AxB)iY,Z) ^ Exti„s(ey/, eZ/) ® Ext^_s(/y/, /Z/) ® 

Exti„^(eFe, eZe) ® Exts_^(/ye, fZe). 
Since the three components eMf, fMf and eMe are zero, we obtain 

^^^"XxB)-(AxB)iM,Ax B) = ^^t'lXxB^.(AxB){MJ{A X B)e), 
note that f{A x B)e = 0. Similarly we obtain 

//"+^(^ X B,M) = since H"+^{A x B,M) = ^^t"ilB)-(AxBM ^ B,M). 
Moreover the same type of arguments shows that 

H"{A xB,AxB)= H"{A,A)®H"{B,B) and 

Ext^^^B)-(Axi3)(M,M) = ExtS_A(M,M). 

□ 
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Remark 6.5 The same result can be derived from the spectral sequence arising from the 
double complex. Indeed only the first two columns are non-zero at the first level, and the 
vector spaces have to be decomposed as we did above. 



Remark 6.6 If B = k and M is any right A-module, we obtain Happel's long exact 
sequence 

^ ^ H°{T,T) H°{A,A)(Sk ^ 

End^M H\T,T) H^{A,A) ~* 

Exti (M,M) H\T,T) H^\a,A) 
Exti (M,M) ^ 

PROPOSITION 6.7 The connecting homomorphism of the cohomology long exact se- 
quence for a triangular matrix algebra is given by 

5"f = 1^,^ ^ / for f e H"{A,A) and 

S"g = {-ir+'g ^ 1m for g G B). 

The proof follows from the general description of 5^''' given in Theorem 
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